NECESSARY AND SUFFICIENT CONDITIONS FOR BOUNDEDNESS 
OF COMMUTATORS OF THE GENERAL FRACTIONAL INTEGRAL 
OPERATORS ON WEIGHTED MORREY SPACES 

ZENGYAN SI AND FAYOU ZHAO* 

Abstract. We prove that b is in Lipfi{l3) if and only if the commutator [6, L"™''^] 
of the muhiphcation operator by b and the general fractional integral operator L~°'''^ 
is bounded from the weighed Morrey space L^''^{oj) to L''''"'''''(aj^^'^^°'''"''',a;), where 
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i:i , 1. Introduction and main results 
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Suppose that L is a linear operator on L^(M") which generates an analytic semigroup 

e~ with a kernel pt{x,y) satisfying a Gaussian upper bound, that is, 



'' ^ G j4i and r^j > "l ^,. , and here ru denotes the critical index of cu for the reverse 



>. (1) \Pt{x,y)\< 



p/2 



cn I for x,y £ M" and all t > 0. Since we assume only upper bound on heat kernel pt{x, y) and 



no regularity on its space variables, this property (1) is satisfied by a class of differential 
operator, see [1] for details. 

For < a < n, the general fractional integral L^°" of the operator L is defined by 
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en 

o 



^ 



Note that if L = —A is the Laplacian on M", then L~"' ^ is the classical fractional integral 
la which plays important roles in many fields. Let 6 be a locally integrable function on 
C^ ' M", the commutator of b and L~"' ^ is defined by 

[b,L'^/^]f{x) = b{x)L-^'^f{x) - L-^'\bf){x). 

For the special case of L = —A, many results have been produced. Paluszyiiski [7] 
obtained that b G Lip/3(]R'^) if the commutator [bja] is bounded from LP{W) to L''(]R"), 
where 1 < p < r < oo, < /3 < 1 and \/p — 1/r = (a + [i)/n with p < n/(a + /3). Shirai 
[9] proved that b G Lipp{W^) if and only if the commutator [6, Iq] is bounded from the 
classical Morrey spaces LP''^(M") to L'?'-*'(M") forl<p<g<oo, 0<a, 0</5<l and 
< a + /3 = (1/p - l/g)(n - A) < n or LP'^(M") to L9'^(M") for 1 < p < g < oo, < 
a, 0</5<l, 0<a + /? = (1/p - 1/g) < n, 0<A<n-(a + /?)p and /i/g = \/p. 
Wang [12] established some weighted boundedness of properties of commutator [6, /«] on 
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2 ZENGYAN SI AND FAYOU ZHAO* 

the weighted Money spaces L^' under appropriated conditions on the weight u, where 
the symbol b belongs to (weighted) Lipschitz spaces. The weighted Morrey space was 
first introduced by Komori and Shirai [5]. For the general case, Wang [13] proved that 
if 6 G Lipi3{M.^), then the commutator [6, /q] is bounded from LP{uj^) to L'^{(jJ^), where 
0</3<l, 0<a + /3<n, I <p < n/{a + /3), l/p - l/q = (a + /3)/n and uj'' ^ Ai. 

The purpose of this paper is to give necessary and sufficient conditions for boundedness 
of commutators of the general fractional integrals with h G Lipp{uj) (the weighted Lipschitz 
space). Our theorems are the following: 

Theorem 1.1. ieiO</3<l, 0<a + /3<n, l<p< ^, l/q = l/p - (a + /3)/n, 
< /c < vaiu.{p/q,pj3/n} and oj'^ ^ Ai. Then we have 

(a) If be Lip/3(]R"), then [6, L'^/^] is bounded from W^^iujP^uji) to Li^^'ilP{uji); 

(b) If [6,L-"/2] ig hounded from U''''{ujP,uj'') to L''^^'ilP{uj'i), then b G Lip/^iW). 

Theorem 1.2. Let < /S < I, < a + (3 < n,l < p < -^, l/q = l/p - (a + /3)/n, 
< A; < p/q, Lo'^'P G Ai and r^ > , /"_/, , where r^ denotes the critical index of uj for the 
reverse Holder condition. Then we have 

(a) Ifb G Lipp{uj), then [6,L-"/2] is bounded from LP^^{uj) to L5''='?/P(a;i-(i-"/")'?, w); 

(b) If [b, L-'^/'^] is bounded from LP^^{u) to L9'^'''/p(a;i-(i-"/'^)'?^a;), then b G Lipp{iJ). 

Our results not only extend the results of [12] from (—A) to a general operator L, but 
also characterize the (weighted) Lipschitz spaces by means of the boundedness of [6, L~"' ^] 
on the weighted Morrey spaces, which extend the results of [12] and [13]. The basic tool 
is based on a modification of sharp maximal function M|^ introduced by [6] . 

Throughout this paper all notation is standard or will be defined as needed. Denote the 
Lebesgue measure of B by |-B| and the weighted measure of B by uj{B), where uj{B) = 
j^oj{x)dx. For a measurable set E, denote by xe the characteristic function of E. For a 
real number p, 1 < p < oo, let p' be the dual of p such that l/p + l/p' = I. The letter C 
will be used for various constants, and may change from one occurrence to another. 

2. Some preliminaries 

A non-negative function w defined on M" is called weight if it is locally integral. A 
weight w is said to belong to the Muckenhoupt class Ap(R") for I < p < cxj, if there exists 
a constant C such that 

- — - / Lo(x)dx I f ■; — r / io(x) p-^dx | < C. 

for every ball B C M". The class y4i(]R") is defined replacing the above inequality by 



- — - / oj(x)dx] < Cessinf u;(x). 

\B\ Jb J x&B 



When p = oo,u; G A^o, if there exist positive constants 5 and C such that given a ball B 
and £■ is a measurable subset of B, then 

Lo{E) ^ ^ f \E\^ ' 



uj{B) - \\B 
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A weight function to belongs to Ap^q for l<j><(7<ooif for every ball B in M", there 
exists a positive constant C which is independent of B such that 

-^ [ u;{xydx] " (-^ I a;(x)-P'(ix^ ^ <C. 
\j^\Jb J \\^\Jb J 

From the definition of Ap^q, we can get that 
(2) (jj G Ap^q if and only if o;^ G ^i+g/p/. 

Since w''/^ G Ai, then by (2), we have oj^/p G Ap^q. 

A weight function uj belongs to the reverse Holder class RHj. if there exist two constants 
r > 1 and C > such that the following reverse Holder inequality 

— — / oj{xYdx ) < C— — ■ / u!{x)dx 
I-d| Jb J \B\ Jb 

holds for every ball i3 in M". 

It is well known that if a; G Ap with 1 < p < oo, then there exists r > 1 such that 
cj G RHr- It follows from Holders inequality that cj G RHr implies to G RHg for all 
1 < s < r. Moreover, if w G RHr,r > 1, then we have u G RHr+e for some e > 0. We 
thus write r^ = sup{r > 1 : c^j G RHr} to denote the critical index of uj for the reverse 
Holder condition. For inore details on Muchenhoupt class Ap^q, we refer the reader to [3], 
[10] and [11]. 

Definition 2.1. ([5]) Let 1 < p < oo and < /c < 1. Then for two weights fi and v, the 
weighted Morrey space is defined by 

LP^^{^i,v) = {/ G qjp) : ||/||LP,fc(^,^) < oo}, 

where 

1 
1 /■,.,,,„,,- \p 



Lp,Hf,,u) = sup ( ^7^ / \f{x)\PKx)dx 

and the supremum is taken over all balls B in M". 

If ^ = j^, then we have the classical Morrey space L^' (jj.) with measure /i. When k = 0, 
then LP'^{fi, u) = LP{ii) is the Lebesgue space with measure ^. 

Definition 2.2. (\^]) Let 1 <p < oo, < /3 < 1, and uj G Aqo- A locally integral function 
b is said to be in LipfJuj) if 



Il«p^(w) 



'7 ^ (^ L 1""^' - "^l"-'-)"""-) ' S C < no, 



where bs = |-B| ^ J^ b{y)dy and the supremum is taken over all ball B C R^. When p = 1, 
we denote Lip^Ju) by Lipp{(jj). 

Obviously, for the case w = 1, then the LipFAuj) space is the classical Lipfa space. 

Remark 2.1. Let uj G Ai, Garcia-Cuerva [2] proved that the spaces ||/||ij„p((^) coincide, 
and the norm of\\- \\i^ipP(^\ are equivalent with respect to different values of provided that 
1 < p < oo. 
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Given a locally integrable function / and (3, < f3 < n, define the fractional maximal 
function by 

M,,./(.) = sup(^^^|^|/(y)rdyy, r>l, 

when 0</3<n. If/3 = and r = 1, then Mq, i/ = Mf denotes the usual Hardy- 
Littlewood maximal function. 

Let w be a weight. The weighted maximal operator M^^ is defined by 

M^f{x) = sup—— / \f{y)\dy. 
The fractional weighted maximal operator M^ ^.w is defined by 

where < f3 < n and r > 1. For any / G LP(M"'), p > 1, the sharp maximal function 
M^/ associated the generalized approximations to the identity {e~*^, t > 0} is given by 
Mar tell [6] as follows: 

Mlfix) = sup^ / |/(y) -e-*^V(y)l^?/, 

x€B \-D\ Jb 

where ts = r'^ and vb is the radius of the ball B. For < 5 < 1, we introduce the 5— sharp 
maximal operator Mf^ ^ as 

which is a modification of the sharp maximal operator ]VP of Fefferman and Stein ([10]). 
Set Mjf = M{\f\^)^'^ . Using the same methods as those of [10] and [8], we can get 

Lemma 2.1. Assume that the semigroup e~ has a kernel pt{x,y) which satisfies the 
upper bound (1). Let A > and f € L^(M") for some 1 < p < oo. Suppose that uj G A^o, 
then for every < ry < 1, there exists a real number 7 > independent of ^, f such that 
we have the following weighted version of the local good A inequality, for rj > 0, A > 1, 

io{x G M" : Msf > AX,mIJ{x) < 7A} < ??a;{x G M" : Msf{x) > A}. 

where A > 1 is a fixed constant which depends only on n. 

If fj,,u £ Aoo, 1 < p < 00, < fc < 1, then 

(3) \\f\\Lv.Hp,u) < l|M,/||^p,.(^,,) < C||m[,/||^,,.(^,,). 

In particular, when ^ = u = uj and 00 G Aqo, we have 

(4) II/IIlp.m-) ^ W&fWLvHu^) < g|I^;,5/IIlp.h-)- 

3. PROOF OF THEOREM 1.1 

To prove Theorem 1.1, we need the following lemmas. 

Lemma 3.1. (\1]) Assume that the semigroup e^^^ has a kernel pt{x,y) which satisfies 
the upper bound (1). Then for < a < 1, the difference operator L^2 — e^ L~^ has an 
associated kernel Ka^t{x,y) which satisfies 

r. r . C t 

Ka,t{x,y) < I i^^z^i 12- 

\x — y|" " \x — i/p 
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Lemma 3.2. f{12]; LetO < a + 13 <n, 1 <p < n/{a + /3), 1/q = 1/p - {a + (3)/n and 
uj ^ Ai. Then for every < k < p/q and 1 < r < p, we have 



\M, 



i+li,rf\\LiM/v(ui) — C\\f\\LP,q(ujP,uji)- 



Lemma 3.3. ([5]) Let 0</3<n, l<p< n/13, 1/s = 1/p - f3/n and uj G Ap^s- Then for 
every < k < p/s, we have 

||Ai'/3,l/||is.fes/p(^s) < C\\f\\Lp,k^^p^^sy 

Lemma 3.4. f|12]j Let0<a + l3<n, l<p< n/{a + P), 1/q = 1/p - a/n, 1/s = 
1/q — P/n and co'^ G j4i. Then for every < k < p/s, we have 

\\^l3,lf\\L=,k3/p(^^^s^ < C\\f\\l^q,kq/p(^^q^^sy 

Lemma 3.5. Let 0<a + /3<n, 1 < p < n/{a + /3), 1/q = 1/p — a/n, 1/s = 1/q — /3/n 

and uj'^ G yli. Then for every < k < p/3/n, we have 

Proof. As before, we know that L~'^'^/(x) < CIa{\f\){x) for all x G M". Together with 
the result (cf. [12]), that is, 

we can get the desired result. D 

Remark 3.1. Using the boundedness property of la, we also know L~"'^ is bounded from 
L^ to weak L'"'^"'~"^ It is easy to check that Lemma 3.2-3.5 also hold when k = 0. 

The following lemma plays an important role in the proof of Theorem 1.1. 

Lemma 3.6. Let 0<(5<1, 0<a<n, 0</3<l and b G Lip/3(R"). Then for all r > 1 
and for all x G M", we have 

Ml,{[b,L-"/']f){x) 

< C\\b\\up,iR-) (m^,i(L-"/2/)(x) + M^+p^rf{x) + Ma+p,if{x) 

The same method of proof as that of Lemma 4.6 (see below), we omit the details. 

Proof of Theorem 1.1. We first prove (a). We only prove Theorem 1.1 in the case 
< a < 1. For the general case < a < n, the method is the same as that of [1]. We 
omit the details. 

For < a + /3 < n and 1 < p < ?i/(a + /3), we can find a number r such that 1 < r < p. 
By Eq.(4) and Lemma 3.6, we obtain 

II [6, L~"/ ]f\\L'iM/p(uii) 

< C\\Ml,{[b, L-"/2]/)IIl.>Wp(.,) 

< CWHuppiuj) [\\Ml3,l{L~°''^ f)\\^q,kq/p{ujl) 

+ \\Ma+l3,rf\\LiM/p(uji) + \\^a+l3,lf\\LiM/p(uji)) ■ 
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Let 1/gi = 1/p — ajn and 1/g = 1/gi — /3/n. Since uj'^ ^ A\^ then by Eq.(2), we have 
LiJ € Ay^q. Since < A; < min{p/g, pfi/n}, by Lemmas 3.2-3.5, we yield that 

II [ft, ^-"/']/IIl..w.(..) 

< C'll^llLip^(I8") (^11-^ ° /IIl9i.'^9i/p(i^9i, (^9) + ||/||LP''=(ajP, aj'J)j 

< C'll^llLip;3(K")ll/lliP''=(i^P, a;9)- 

Now we prove (6). Let L = — A be the Laplacian on M", then L~"'^ is the classi- 
cal fractional integral la- Let /c = and weight cj = 1, then L^'^ {ujP , u'^) = LP and 
L'}''"i/P{uj'^,uj) = LI. From [7], the (LP,L'?) bounedness of [6,/«] implies that 5 G Lip^{W). 

Thus Theorem 1.1 is proved. D 

4. PROOF OF THEOREM 1.2 

We also need some Lemmas to prove Theorem 1.2. 

Lemma 4.1. (^12] j Let < a + 13 < n,l < p < ■^, 1/q = l/p - a/n, 1/s = 1/q - f3/n 
and ijJ^'P € A\. Then if < k < p/s and r^^ > , _^ , we have 

\\^li,lf\\L^,k^/p(u^/p,u) — C\\f\\L1'kq/p(ujl/P,u)- 

Lemma 4.2. ([12]) Let 0<a<n, l<p< n/a, 1/q = l/p — a/n and uj'^Ip G A\. Then if 
< k < p/q and r^ > J/~\ , we have 

P'-^a,l/|lL9,fe'J/p(w'3/p,tj) - C'||/||LP.fc(i^). 

Lemma 4.3. (112]J Let < a < n,l < p < n/a, 1/q = l/p - a/n, < k < p/q, uj G A^o- 
For any 1 < r < p, we have 

\\Ma,r,ivf\\LiM/p{uii/p,Lu) < C'||/||^p,fc(^) . 

Lemma 4.4. Let < a < n,l < p < n/a, 1/q = l/p — a/n and uj'^'p G Ai. Then if 
< k < p/q and r^ > -7— rr; we have 



\\L "' f\\x^g,kq/p(ujl/P, LU) ^ C* 1 1 / 1 1 ^p.fe (;^) . 

Proof. Since the semigroup e~*^ has a kernel Pt{x, y) which satisfies the upper bound (1), 
it is easy to check that L~°'''^ f {x) < CIa{\f\){x) for all x G M". Using the boundedness 
property of /„ on weighted Morrey space (cf. [12]), we have 

11-^ 'f\\Li^'"i/P{u)i/P, u}) — \\^af\\LiM/p(uji/P, u)) — ^II/IIlp.'=(w)' 

where 1 < p < n/a and 1/q = l/p — a/n. D 

Remark 4.1. It is easy to check that the above lemmas also hold for k = 0. 

Lemma 4.5. Assume that the semigroup e~ has a kernel pt{x,y) which satisfies the 
upper hound (1), and let b G Lipp{ijj), uj ^ Ai. Then, for every function f G LP{W^), p > 
1, X € M", and 1 < r < 00, we have 

sup^ / \e~''^'^ibiy)-bB)fiy)\dy<C\\b\\up,i^)u;{x)Mi,,r,uf{x). 

xeB \-D\ Jb 



COMMUTATORS ON WEIGHTED MORREY SPACES 

Proof. Fix / G LP(M"), 1 < p < oo and x e B. Then 

-L f \e-'-^^{b{-)-bB)f){y)\dy 
\B\ Jb 

< JJ^ I I \ptAy,^)m^)-bB)fiz)\dzdy 
1^1 Jb Jm." 

< J^J [ \ptAy,mb{z)-bB)f{z)\dzdy 

\B\ JbJ2B 

oo 



+ jk [T. [ \ptAy^z)mz)-bB)f{z)\dzdy 

\^\ JBr^J2''+^B\2i'B 



It follows from y G B and z € 2B that 



\pt,{y,z)\<Ct-''/'<C-^^ 



\2B\ 
Thus, Holder's inequality and Definition 2.2 lead to 

M < C-^ I \{b{z)-bB)f{z)\dz 

M^l J2B 

< C^ (^^ \\b{z) - bBfu;{z)'-^'dz^ "" (^^ \fizWu^iz)dz 

< C\\b\\up,i^)j^^u;i2B)^+Vu(2B)T (^-}—jjf{z)Yuj{z)dz 

1 

< C||6||i.p,H^(x) ( \^ f \f{z)rio{z)dz] 

\u{2By~— J2B j 

< C\\b\\Lip^(^^)u{x)Mp^r,u.f{x). 

Moreover, for any y £ B and z € 2 ~^^B \ 2 B, we have \y — z\ > 2 vb and \ptg\ < 



Is 

c 



_^22(fc-l)2(fc + l)n 



|2'=+iBl 



■^ = TWi [ fl [ \pt,(.y,z)\mz)-bB)f{z)\dzdy 

^ ^E FJfc+n^ / l(^(^) - b2''+^B)fiz)\dz 



~ g-c22('=-i)2(fe+l)n 



^ p-c:;!''^'" ''21*=+-'-)" /■ 
+ ^E l^JkTTWi / \{b2^+^B-b2B)f{z)\dz 



k=l 

MI + M2. 
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We will estimate the values of terms Mi and A/2 , respectively. 
Using Holder's inequality and Remark 2.1, we have 

fc=l ' ' 

X f / \h{z) - bsf u:{zf~'' dz\ ^ ( [ \f{z)Yu:{z)dz 

00 

fc=i 
Since w € j4i, by the Holder inequality, we get 

= cj;;/t2(^+i)"e-'^22''"'' 
fc=i 

< C'll^llLip^Hw(a;)M/3,^_^/(x). 

Thus Lemma 4.5 is proved. D 

Lemma 4.6. Let 0<Q<l,a;S^i and b £ Lipp{uj). Then for all r > 1 and for all 

X € M"', we have 

Ml,{[b,L-"/']f){x)<C\\bU,,^^^) 

X (a;(x)i+iM^,i(L-"/2/)(a;) + w(x)i^tM,+;3,r,../(a;) +w(x)i+nM„+^,i/(x)) . 

Proof. For any given x G M", fix a ball B = B{xo,rB) which contains x. We decompose 
/ = /i + /2, where /i = /X2B- Observe that 

[6, L-"/2]/(x) = (6 - bB)L-^l^f - L-^'\b - 6b)/i - ^-"/'(fe - 6^)72 

and 

e-*«^([6, L-"/2]/) = e-*^^[(6 - bB)L-^l^ f - L-^'^b - 6b)/i - L-"/2(6 - bB)f2]. 
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Then 



< C 



1 

1 

\B\ 

1 



[6,L-"/2]/(y)-e-*^^[6,L-/2]/(y) 



5 XV'J 
dy 



{b{y) - bB)L--/^f{y)dy 



1^1 ./B 



L~'^/\biy)-bB)fi)iy)\dy 



1/5 



+C 

+c 



1 

\B\JB 

1 
I + II + III + IV + V. 






e-*^''i~"/'((%)-&i?)/i(y))|dy 



1/5 



We are going to estimate each term, respectively. Fix < 5 < 1 and choose a real 
number r such that 1 < r < 2 and t'5 < 1. Since u; G Ai, then it follows from Holder's 
inequality that 



I < c(^^i(%)-Mr'V 



B 



- ^{w\Ib '^^^^^ " ^''^' '^^) (/b I^""^'^(^) 

< C7||6||i,,,(^)^^(B)i+^/"(/ L-/2/(y) 

< C||6||i,,^(^)^(x)i+/'/"M^,i(L""/2/)(x). 



dy 
dy 



'5 \ V^ 

dy 



For II, using Holder's inequality and Kolmogorov's inequality (see [3], p. 485), then we 
deduce that 



// < C-. 



I- t \L-^/\b{y)-bB)h){y)\dy 



\B\ 



< C^|S|^||L-°/2(6(y)-62B)/l| 



B 



Ln-a ' 



< c- 



Sll- 



(&(y) -b2B)fi{y)dy 



< C\\b\\Lip^{uj)Ujix)^ "Ma+I3,r,ujf{x). 

Using Holder's inequality and Lemma 4.5, we obtain that 

/// < C||6b,p^(,)0.(x)M;3,,,^(L-°/2/)(x). 
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For IV, using the estimate in II, we get 



IV < -^ [ f \pt,{y,z)\\b{z)-bB\\f{z)\dzdy 

|-d| JbJ2B 

^ Wm [ L-''"m^)-bB))f{z)\dz 



< 



C\\b\\Lipf,(uj)^{x)'^ "Ma+fS,r,u>f{x). 



By virtue of Lemma 3.1, we have 

V < ^f f \K^^tsiy,mbi^)-bB)fiz)\dzdy 
I-d| Jb J{2by 

n S2^ r 17-2 

1^1 ^^2ferB<|xo-2|<2'=+irs FO " ^T "^ I^^O " ^T 

oo 

oo 

^ |2fe+liJ|i „ J2k+lB 

oo 

= y/ + VII. 

Making use of the same argument as that of II, we have 

VI < C||6||iip^,(^)^(x)^-/"M,+^,,,,/(x). 
Note that ui G Ai, 

So, the value of VII can be controlled by 

C\\bU^p^^^)u{x)'+^/^M^+p,,f{x). 

Combining the above estimates for I-V, we finish the proof of Lemma 4.6. D 

Proof of Theorem 1.2. We first prove (a). As before, we only prove Theorem 1.2 in the 
case < a < 1. For < a + /3 < n and \ < p < n/[a + /3), we can find a number r such 
that 1 < r < p. By Lemma 4.6, we obtain 

||[6, L "-' ]/||L9,fe9/p(j^l-(l-Q/n)9^ j^) 

< C\\mI,{% L-"/V)llL..^,/P(.i-(iWn),,.) 

< C\\b\\Lipp{uj) (^||w(-)^"^"M/3_i(L~"/^/)||^,,fe5/p(^i-(i-c/„),_ ^) 

+ \\^{') ~~^a+/3,r,a;/|lL9.fe'j/p(u;i-(i-"/")9, a;) 

< C'll^lliJp^Cw) ( 11^^,1 (^~°/)llL<7,fc'j/p(t^9/p, oj) 
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+ \\Ma+l3,r,Ljf\\Li'kQ/P{uj) + \\^^a+l3,lf\\LiM/p(u]i/P, u})J ■ 

Let l/qi = 1/p — Oijn and l/g = l/(/i — /J/n. Lemmas 4.1-4.4 yield that 

< C'll^lliip^Co;) (^ll^~ /IIl'Ji>''-'Ji/p(^9i/p^ j^) + ll/llLP>fc(a;) J 

< C'||6||iip^(^)||/||^p,fe(^). 

Now we prove (b). Let L = —A be the Laplacian on M", then L~'^l'^ is the classical 
fractional integral /„. We use the same argument as Janson [4]. Choose Zq € M" so that 
|Zo| = 3. For X G B{Zq,2), \x\~°'~^"' can be written as the absolutely convergent Fourier 
series, |x|-"+" = Emez„ a"^e*<'^™'^> with Emla™l < ^^ since |x|-"+" E C°°(5(Zo,2)). 
For any xq G M" and p > 0, let B = B(xq, p) and i?^o = B{xq + Zq/j, /)), 



\b{x) - bBz,^ \dx 



1 



B 



\Bzo\ 



B 



ib{x) - b{y))dy 



B 



Zq 



dx 



P'^Jb 



s{x)[ / (6(x)-6(y))|x-yr"+"|2;-2/|"-"dy dx 



zo 



where s{x) = sgn (J^ ib{x) — b{y))dy). Fix x G B and y € -Bzqi then (y — x)/p G Bzo,2, 



hence, 



-a+n 



s{x) / (6(x) -6(2/))|x-y| 
P" Jb \Jbz,, 



a+n I F y\ 



P 



dy dx 



p "^ ^ am j s{x) 



{b{x) - b{y)) \x - y\'^"^e'<''^^y'P>dy e-'<''^''''P>dx 



Zq 



< p" 






m£Z" 



< P^" E \am\\\[b,L-mxB,^e^'"'-'-/'»: 

meZ" 



lL9,0(tjl-(l-a/n)9^^) 



tj{x) ^7 "'dx 



B 






mGZ" 



This implies that b G Lipp{uj). Thus, (6) is proved. 



D 
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